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Appendix C from S. Lion, “Class Structure, Demography, and
Selection: Reproductive-Value Weighting in Nonequilibrium,
Polymorphic Populations”

(Am. Nat., vol. 191, no. 5, p. 620)

C.1. Discrete-Time Dynamics

Here I provide a derivation of the weighted and unweighted class-structured Price equations in discrete time.

Ecological Dynamics

As for the continuous time, the ecological dynamics of a class-structured population are given by a matrix equation:
n(t + 1) = W(@)n(s), (C1)

where n(7) is the vector of densities in each class rf(¢) and W(¢) collects the quantities w¥(z). This gives us
n(e+ 1) = > wOni(e) = whon' o), (2)
j
where wi(¢) = > wY()n’(f)/n*(¢). The total population size, n(r), obeys the following equation:

e+ 1) =Y e+ 1) = Y whone) = won(), (C3)

where w(r) = >, w*(O)n*(t)/n(r). The equation for the class frequencies can be derived from equation (C2) by dividing by
n(t + 1). Using equation (C3), this leads to

w1y Y WO
nt+ 1) wn()

which finally gives
WO 1) = D w0 @), (C4)

This equation can also be rewritten in matrix form to give equation (17b) in the main text.
Similarly, the dynamics of type i in class k can be written as

rie 1) = 3wl = wion @, (C5)

where

W) = w00

; ni(t)
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Change in Frequency

The frequency of type i in class k is ff = n!/n*. The change in frequency is then

e+ 1
A D =0 =
_ D wlomo »
- oo ©

0\ .
- (wk(r) l)f o

Change in Trait Mean

The change in the trait mean z*(f) = >z f5(¢) directly follows from the change in frequency:

et D) =20 = Y afi 1) = fi0)

_ wh(®) .
= Z (m >f 0) ()
cov(zi, wi(®)

wi(t)

Using equation (C6), this can be expanded as follows:

cov <z,-, Ziwff 6 Z?(t)>

e+ 1) —ZF@e) = 70 (@

N QLY
cov <zi, Z/‘W" (t)fff(t) n"(l))
Wwh(?)

— _ Sk vy ®
=50 Z(z (r»Zw @) k(t)]

=50 ZZ(Z = 2(0) + 2(1) = 2O ()f (1) A(t)]

ki i - _ =k ki vi ( )
=50 lZZ(Z — ZOWHO 0 - (t) ZZ(Z () — ZXOWI ) FU(1) k(t)]

which finally gives

2+ ) =20 = -

! i (@) S N0
) [Zc?v(z,-,wi )nk(t) + jZ(z (&) — ZX()wh () n"(t)‘|' (C9)
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Change in Weighted Trait Mean

We now introduce the following weighted average:
HOED WA=}
k
Using equation (C9), the weighted average at r + 1 can be written as

Fe+1) =) cfe+ DR+ 1)

= zk:ck(z +1) lzk(t) + Zc?v (zi, vav:((;)) ) ::8 + Ej:(zf(t) —Z4(t))

k Sk k ij(t) n/(t)
= zk:c (t+ 1)z + Z:C?V (Zhgk:c €+ wm)) nk(1)

w ki(t) i’l’j(l‘)
W () (1)

+ 3 e+ 1)2(2/@) 4 0)

k =k k W;Cj(t) nf(t)
- ijc (t+ 12t + Zj:cg?v (Z Zk:C 0 ) ()

Y Oy e+ 1)wkj(’) AU S+ DY whi() n'(1)

wh(t) nk(t)’

wh(r) n'(2)

w(0) n'(1)

wi(t) n'(2)

(C10)

Because the sum over j in the fourth term is equal to 1 by definition, the first and fourth term cancel out and we obtain

e+ 1) = ZC?V (z,.,zk:ck(t + 1)V:ka’((tt))> Z:Eg + sz(t)ik:ck(t + 1)?”’((;)):;((?)

Now if we choose the weights ¢* such that they satisfy the recursion

0= S Zane

k

we obtain

J

e+ 1) = Z:C?V (z,-, Ek:ck(t + 1)v;,.kf'((tt))> Z;Eg + > 200,

which directly gives us the change in the weighted average as

) i . wi'(0) ) n'()
z¢+1) -z = Z_:C?V (Zik:c @+ 1 W) ) n*(t)’

(C11)

(C12)

(C13)

(C14)
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A final rearrangement uses the fact that n*(t + 1) = W (¢)n*(¢) and the definition c*(f) = v¥(£)f*(¢), so we have

Ht+1) =21 =) cov (;,Z Ko+ DA+ 1) k(t:(r)l)>nf(t)

= ZC?V (z[, zk:v"(t + 1)n?;ii|ft)l)>nj(t)
= Zc?v (zi,;vk(l‘ 1)— ([)( ()t)> (1),

and finally we obtain

Zt+1)—z() = %ZCS‘)V <zi, ka(t + l)wf-‘j(t)>ff(t). (C15)

The latter equation thus shows that the change in the reproductive value—weighted trait can be written as a covariance
between the trait and a weighted measure of fitness, obtained by weighting each offspring in the next generation by the
reproductive value of the class in the next generation.

Noting that w*(£)n*(f) = n*(¢t + 1) (eq. [C2]), the recursion for class reproductive values is thus

(1)
k+l(t)

which can also be cast in matrix form (see eq. [16] in the main text). From this equation, we can obtain a recursion for the
individual reproductives. Using the definition for ¢/(f), we get

ci(r) = ch(t + DwH(r) (C16)

P ' " wh(On'()
VIO (1) = Zv (t+ Dt + 12220 T
Because n*(f) = f*(t)n(t), this can be simplified as
P ‘ wh(On(t)
Vi(t) = Zk:v (t+ 1)4;1(” D
and using n(z + 1) = w(t)n(?) yields
WOV(1) = Zv"(t + Dinh(r), (c17)

which can also be cast in matrix form as in equation (17a) in the main text.

C.2. Derivation of the Selection Gradient for Polymorphic and Periodic Resident Populations

The starting point of the derivation is the equation for the dynamics of the weighted trait mean,

dé T
— =vV'Cf Cl18
g = Ver (C18)
where the covariance matrix has elements
Cie = cov(z,rl) = Y (& =290/ = FHf1. (C19)

In a resident population at equilibrium, the change in the weighted trait mean is 0. We are interested in the perturbation
resulting from the introduction of a mutation with small phenotypic effect.
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Monomorphic Population

In a monomorphic population, the covariance matrix C is necessarily equal to the null matrix. Hence, in a population
with two types w and m with the same trait value z,, the change in weighted trait mean is 0. If we now assume that the
mutant type has trait value z, + ¢, we can write the resulting perturbation of the covariance matrix as C = 0 + £'C" +
£2C? + O(e%), where C and C® are the first- and second-order perturbation terms of the matrix C.

If we assume that the resident population (when ¢ = 0) is on an ecological attractor, the perturbation of the
reproductive values and class frequencies are v + ev® + O(e2) and f + &f® + O(g?), where v and f are calculated in
the monomorphic population on its attractor. Plugging these expressions into equation (C18) yields the following
perturbation of the change in weighted trait mean:

dz

dr

To calcula_lte the perturbation of the covariance matrix, note that in a two-allele model the relationships /% + /% = 1, 7% =
ri S+ it and 25 = z,f% + z, % yield the following equality:

Ci = (2w — 2 = 131 = f3). (C21)

Now, if we assume that the mutation has only a weak effect on the ecological attractor, we can write the rates 7/ as a
function of the trait z; and of the resident monomorphic environment E. We then have

= eV COf + e2vTCOf + £29TCOfY + 22(v") COf + O(e). (C20)

dr
T 0(e?), (C22)

ik ik
rm —rh = ¢

where the derivative is evaluated at ¢ = 0. Finally, this leads to

Jjk
L o). (C23)

Ci = [#Fa(l — 5
&
The factor between square brackets is the trait variance within class &, ¢%. Under weak selection in a deterministic
model, o% should be well approximated by the trait variance in the whole population, o.. (Lande 1982b; see also Barfield
et al. 2011, eq. [B11]). Equation (C23) implies that C” = 0 and C® = f,,(1 — f;)dR,,/de. This finally yields

dz - dR,,

— =0,V

dt de
Hence, the leading-order term of the perturbation is O(¢*) and depends only on the perturbation of the covariance matrix
and not on the perturbation of the demographic variables v and f.

f + 0. (C24)

Periodic Environment

The derivations of equations (C20) and (C23) make no assumptions on the nature of the resident attractor. Thus,
equation (C24) can be applied to a periodic monomorphic attractor, but now the vectors v and f are time dependent,
and the matrix R,, depends on the time-dependent resident attractor. In a deterministic model, the mutant frequency should
not change in a neutral model, even in a periodic model, because the densities of the two types have exactly the

same dynamics, so we can approximate the trait variance as a constant factor. Doing so and integrating over one period
gives the change in the weighted trait mean over one period (eq. [23] in the main text).

Polymorphic Resident Populations

I now assume that M types coexist in the resident population at equilibrium. For such polymorphic resident populations,
the perturbation of the covariance matrix can be calculated in different ways depending on how the mutation arises.
For simplicity, I assume here that all individuals in type m mutate. The trait value in the mutant individuals is z,, = z5, + &.
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Assuming that the per capita growth rates can be evaluated using the resident environment E, we write

drif e dirf

o=+ += + 0(),
de 2 de )
ri =0 for i # m,
. . drif & drif
Pl = R e ——+ = [ + 0,
/ de 2f de? )

where the terms with a 0 superscript and the derivatives are calculated for ¢ = 0. In the following, we also denote z; = z?
the trait value for i # m. We then have z* = z*° + ¢f% and

i = 36—t =y
=) @ =20 = PO e = PO = ey = PO
= @ =) — Pt el —FO)fh, because the last sum is 0 by definition

=Y @ =2 PO+ el = PO

i

Z dri® e d drf e dirlf
_ 0 _ 7,\,0 k m + e m k + 0 _ 7k,0 1 _ k m + e m k
8, ¢ < (Zl z )fr" { ] 2 dgz }fl g(Zm )( r") { dg 2 dgz } m

= S0 O = S o = P

kdr’:; & kdzrj;’l’( 0 _ =koy £k 0 _ =k0 %
+<8fm d€ +§fm ®Z>l_2(zi_z,)fi+(zm_ ’)(l_fm)‘|

itm
The first term is Cj, the covariance evaluated at ¢ = 0. The factor between brackets in the third term can be simplified as
=S =20 4 25 — 250 = 2 — 2. Expanding the second term then yields
drif  edrk

de 2 de

o dr
Ci = G+ el = 79) £l + o(zh - Zk’o)f’in[ L =) (C25)

If the perturbations of the vectors v and f are assumed to be negligible compared to the perturbation of the covariance
matrix, we can pre- and postmultiply by the vectors v° and f° calculated at equilibrium in the resident population
with ¢ = 0. We then have

dz : ; ,
= OCE YD I
ik

+ ZZ 50k [ gz — zho) fE driy +fd2”£k + 2t _fk)dL’i’k
J_ kv o =2 de 2 de? " "de )

The first term is the change in trait mean in the resident population, which is 0 because the resident population is at
equilibrium. The second term can be simplified by noting that

ZZV‘/’,Ofk,O(’J;LC,O _ fjk,O) ffn — Zvj.() (Z’”iﬁk‘offnfk’o> _ kaof; <Zvj,0rjk,0>.
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The first term between brackets is 0 because it is proportional to dr},/dt calculated for a neutral mutant. The second
term between brackets is 0 by definition of v in the resident population at equilibrium. Hence, the dynamics of the
weighted trait mean can be approximated as

dz dr drit i
i gzzvmfko(z —kO)fk r +gzzzvjofko fk(l fk) r L2 (m _—kO)fk +0@). (C26)

Importantly, the leading-order term is O(¢), which is of the same order as the perturbations of v and f. Hence, to neglect the
perturbation of demography compared to the perturbation of the covariance matrix, we need to make a more stringent
assumption than in the monomorphic case. If this assumption does not hold, we need to compute the perturbation of the
reproductive values and class frequencies.

Note that if the population consists of only two types w and m with traits z,, and z,, = z, + ¢ (so that when ¢ = 0 the
population is monomorphic), equation (C23) can be recovered using the relationship z°° = z, = z0.

C.3. Continuous Age Structure and Fisher’s Original Concept of Reproductive Value

Consider a population with continuous age structure. The density of type-i individuals with age « at time ¢ is n,(a, ). These

individuals die at rate di(a, f) and give birth at rate b,(a, ). These assumptions yield the partial differential equation
on; on;
_(aa Z) +— (aa t) = _di(aa Z)ni(aa t) (C27)
ot da

along with the boundary condition
n(0,1) = J bi(a, H)n,(a, t)da. (C28)
0

The total density of individuals at age a and time 7 is n(a,?) = > n(a,1).
Now, for a focal trait z with value z; in type-i individuals, we denote the average trait value in age-a individuals at time ¢
as z(a, t). Denoting the class reproductive value at age a and time ¢ as c(a, f), we calculate the weighted average

z = rc(a, 1z(a,t)da = Zzirc(a, ) fi(a,t)da,

where f(a,t) = n;(a,t)/n(a,t). In this specific case, it is easier to work with the individual reproductive values. Using the
relationship c(a,t) = wa,1)f(a,t), where f(a,t) = n(a,t)/n(?) is the frequency of individuals with age a at 7 in the
population, we write

fon (a,t)v(a, t)da
2= Z n(0) ‘

With these assumptions, the dynamics of the weighted trait mean are

z d(v(a, Hnla, t)) jon(a Hv(a, t)da
D I n(0) J or Z n(0) @

_ “ nia,t) v “wa,)on; [onia,Hv(a, t)da _
= Zz[L n(0) o a+ ZZ[L (0 Eda Zz,- —n(t) 7(?)

_ J ;}(a, 0 (a, 1) {% e t)] da + ZZL V,(;Zt)t)aalz a,

where 7(¢) = d In(n)/dt is the per capita growth rate of the total population.
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Now, using equation (C27), the last term becomes

ZziJ: ng;)t ) (Z? da = —ZZ,JZ v;(z;)t ) (3’2 da — Zziﬁ:v(a, Ndi(a, Hf(a, 1)f (a, t)da.

The first term on the right-hand side of the latter equation can be integrated by parts, which yields
“wa,0)on; 1 . “ v
ZZ,L ) %= —Zzi%[v(a, tna, 0];=o + Zz,.L /@01 (@, 0da
- ZJ Wa, 0d(a. Df(a, 1) (@, 1)da
- 0

(0 =
S a0, ”’r(l(t’)’) + Z;JO % @, 0)f (@, t)da

- Zzirv(a, td(a, t)f(a,t)f (a,t)da.

Plugging this into the dynamics for z gives

. v v
% = LE(a, Hf(a, r){a—: 2 OV, t)} da

+3 200 ”’i?;)t) - Zz,.J:v(a, Hd.(a, f (a, f (@, Hda.

Using the boundary condition (C28) for (0, ), we obtain
v
d - J 2(a, 1)f (a, z){ + o = HOva, r)] da

+ Zziv(O, Z)J bia,t)f(a,t)f (a,t)da — szrv(a, td(a,t)fi(a,t)f (a,t)da.

i

Finally, we introduce the age-specific covariances
cov(z bia, 1) = Y _(z — 2a, ))(bia, 1) = ba, 0)f (a. 1) (C29)

and similar expressions for the covariances between the trait and the death rate. Doing so results in the following equation:
v
Q = J Z(a, t)f (a, t)[ +— + b(a, W0, 1) — d(a, )W(a, t) — H(t)W(a, t)] da + v(0, t)J cov(z;, bi(a, ))f (a,)da

— J wa, t)cov(z, di(a,t))f(a,t)da.

Thus, if the individual reproductive values satisfy the partial differential equation

LWy b(a, )0, £) — d(a, H)W(a, 1) — F(t)v(a,t) = 0, (C30)
ot Jda

the dynamics of the weighted trait mean take the simple form

% = (0, t)rcov(z,, bia,t))f (a,t)da — va(a, H)cov(z, di(a,t))f (a, t)da. (C31)

This is the equivalent of equation (C18) for a continuous age structure. Note that the selective effects due to birth events
are weighted by the reproductive values of newborns, v(0, 7), and the frequency of adults with age a, f(a, t), whereas
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the selective effect due to death events at age a are weighted by the reproductive value at age a, v(a, f), and the frequency
fa, 0.

Equation (C30) was previously derived by Bacaér and Abdurahman (2008) in a periodic epidemiological model
structured by infectious age (their eq. [7]). Equation (C30) generalizes their finding to polymorphic populations. As in
Bacaér and Abdurahman (2008), equation (C30) is coupled to an adjoint partial differential equation for f(a, ), with
normalization condition [, f(a,f)v(a,)da = 1.

Note that it is straightforward to show that if the reproductive values satisfy equation (C30), the weighted population
size n(t) = ﬁn(a, t)v(a, t)da always grows as

% = #0)i(2). (C32)

A special solution of equation (C30) can be found under the assumption that the birth and death rates are independent of
time. When this is assumed, the solution of equation (C30) is
eru
ta)
with €(s) = exp(— [od(x)dx) the probability to survive to age s.> Expression (C33) is the original definition of reproductive
value given by Fisher (Fisher 1930; Charlesworth 1994) but with average birth and death rates. Note that in Fisher’s
(1930) version, the normalization constant v(0) was omitted, but this was corrected in the 1958 version of the book.

v(a) = v(0) Jwe’”f(s)l;(s)ds, (C33)

2. An equivalent expression, with time-dependent coefficients, can be derived if the age distribution is assumed to stabilize quickly
relative to the timescale on which b(a,t) and d(a,t) change (see, e.g., Day et al. 2011).



